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Abstract: The qualitative analysis based on mathematical statistics and the quantitative analysis based on chi square test
explored the relationship between the weathering of ancient glass artifacts and their colors, decorations, and types,
respectively. It incorporates Principal Component Analysis (PCA), K-means clustering, and fuzzy analysis methods into the
research on composition analysis and categorization of ancient glass products. With the aid of analysis of variance and
mathematical statistical theory, a quantification table for sub-category divisions is established. Fuzzy mathematical
methods, including fuzzy recognition, are applied to develop a sub-category identification model for ancient glass based on
the quantification table. Finally, the model’s rationality and sensitivity are validated through the classification and
identification of given sample data.
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1. INTRODUCTION

Glass has been recorded in Chinese historical materials for a long time, but because of the confusion of name and
texture, and the research on ancient Chinese glass started late in modern times, the research on the composition of
ancient silicate glass is relatively lacking. Previous works on ancient glassware mostly studied the cultural and
artistic forms of glass and the laws of its own operation and development from the perspective of dynasty
succession from the aspects of cultural exchange and chemical analysis[1], and few scholars systematically
established mathematical models to conduct quantitative research on the classification methods of glass cultural
relics.

At present, the methods used in glass classification research mainly include regression analysis in statistics[2],
linear model[3], principal component analysis[4], artificial neural network algorithm in machine learning[4],
random forest[5], feature selection method[6], etc. All kinds of methods have advantages and disadvantages, but
for specific data samples, There is little research into the methods that can produce clear classification criteria.

In this paper, by analyzing the chemical composition of ancient glass samples, combined with the type of glass, the
chemical composition of different glass varieties with significant differences was selected by variance analysis to
quantitatively determine the classification limits of high-potassium glass and lead-barium glass. Then, principal
component analysis[4]and KMEAN clustering were used to classify ancient glass into subclasses according to the
selection index scores of the importance values of variables. According to the different types of glass, the
quantitative standard table for the division of ancient glass subclasses is established. The subclass recognition
model of ancient glass based on subclass division quantization table is established by fuzzy mathematics method,
and its accuracy is verified by variance analysis.

2. THEORETICAL BACKGROUND

2.1 Principal Component Analysis

Principal component analysis (PCA) is a modern data analysis method, simplified calculated by the observations
into a set of orthogonal variable, so as to highlight the differences and similarities between samples of a statistical
method. Based on different analysis purposes, PCA can achieve functions such as dimensionality reduction, data
compression, feature factor extraction and data visualization[7].
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The general process is to select k principal components from m original chemical components, each principal
component is independent of each other, and are some linear combination of the original components. The
extracted principal components were sorted according to the size of their eigenvalues. The principal component
with the largest eigenvalues had a strong explanatory ability to the category of glass. When the variance or
cumulative contribution rate of chemical component content of k principal components was more than 70%, it
indicated that the space composed by �� principal components could retain the information of the original m
formed components to the maximum extent, so the results can be used to select a suitable chemical composition
index for the clustered glass.

2.2 K-Means

Different from tasks such as classification and sequence labeling, clustering divides samples into several
categories based on the internal relationship between data without knowing any sample labels in advance, so that
the similarity between samples of the same category is high, and the similarity between samples of different
categories is low (that is, the class cohesion is increased, and the class spacing is reduced)[6].

Clustering belongs to unsupervised learning, and K-means clustering is the most basic clustering algorithm. Its
basic idea is to find a partition scheme of K clusters iteratively so that the loss function corresponding to the
clustering result is minimized. The loss function can be defined as the sum of the squares of the error of the
distance between each sample and the center point of the cluster:

  2
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Where ix represents the � sample, ic is the cluster ix belongs to, ci represents the central point corresponding to
the cluster, and m is the total number of samples.

2.3 Fuzzy Recognition Model

Fuzzy recognition model is an effective method to solve the multi-index comprehensive evaluation. According to
the index as the fuzzy subset of potential level, it is denoted Ai ( 1, 2, , )i N  , Let jx ( 1, 2, , )j M  represent
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In the formula, 1,2,i N  represents the number of the fuzzy subset, 1,2,j M  represents the number of
component indicators, jx represents the measured value of the component indicator of each sample, X j

and jS represent the mean value and standard deviation of the component indicator of the high-potassium
glass and barium lead samples, respectively. ( )Ai ju x represents the membership degree of the index of a
glass sample relative to the fuzzy subset Ai , and ( )Aiu u represents the degree of a glass sample relative to the
fuzzy subset Ai .

According to the maximum membership principle, if  ( ) max ( )
1

u u u uAi Aii M


 
, this u can be considered to

belong to the fuzzy subset Ai .
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3. EXPERIMENT AND RESULT ANALYSIS

3.1 Data Collection and Preprocessing

The data in this paper comes from a group of ancient glass relics provided by the official website of the 2022
National College Students Mathematical Contest in Modeling. First, the data is processed as follows:

1) Set the value of missing color of sample data to grayish yellow;

2) The chemical composition ratio is accumulated and the invalid data less than 85% or more than 105% are
eliminated;

3) Set the proportion of undetected components to 0.

4) The data of two different parts of the same cultural relic is regarded as two different sample data, and the sample
data is numbered by cultural relic sampling points.

3.2 Experimental Process and Results

3.2.1 Weathering in Relation to Type, Ornamentation, and Color

3.2.1.1 Qualitative Analysis based on Mathematical Statistics

It is found that lead-barium glass is easy to weather while high-potassium glass is not, indicating that the surface
weathering of glass samples is closely related to the type of glass. Class B decorative glass is easily weathered,
followed by Class C decorative glass and class A decorative glass, indicating that surface weathering is related to
glass decoration; In the samples unearthed, the black glass is only weathered, and the green and dark blue glass is
only unweathered. Due to the small number of samples, qualitative analysis shows that blue-green, light blue,
black and dark green samples are more susceptible to weathering, and the relationship between surface weathering
and color is more complex.

3.2.1.2 Quantitative Analysis based on Chi-square Test

Chi-square test is a very widely used hypothesis testing method proposed by Kar-pearson, the founder of statistics,
in 1900. It is often used to test the significance analysis of the difference between two or more sample rates or
composition ratios, and to explain whether there is a certain relationship between two types of attribute phenomena.
The basic idea is to compare the degree of agreement between the actual value and the theoretical value (the
theoretical value is also called the expected value) to explore whether different sample sizes come from the same
whole[10].

First, the interaction table of glass surface weathering and decoration is shown in Table 1, and the expected
frequency table of glass surface weathering and decoration is shown in Table 2. The chi-square value is calculated
according to the following steps:

1) The hypothesis �0 is established that glass ornamentation has no effect on weathering rate, that is, glass
ornamentation is not related to weathering.

2) Determine the test level α=0.05;

3) The test method was selected and the test statistic χ2 was calculated.

4) Determine the value of p and make an inference.

According to the chi-square statistical formula, the chi-square value is calculated by substituting the data in Table
1 and Table 2. The chi-square statistical formula is:
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In the formula, 0f is the original statistic and ef is the expected statistic. And plugging in the data gives:

4.9517 

The specified significance level α=0.05, if the obtained p-value < 0.05, then we consider the result represented by
the sample is a small probability event, then we have reason to reject the null hypothesis.

Chaka square critical value table, distributed in degrees of freedom k=1, p=0.0 value of 3.84. We get the
Chi-square value of 4.9517, which is greater than 3.84, so we can reject the null hypothesis, indicating that the
surface weathering is related to the decoration.

Table 1: Interaction table of weathering and ornamentation on glass surface
Tattoo Number Total (pieces) Weathering rate (%) Unweathered rate (%)weathering non-weathering
A 11 11 22 50.00 50.00
B 6 0 6 100.00 0.00
C 17 13 30 56.67 43.33

Total 34 24 58 58.62 41.38

Table 2: Table of expected frequency of weathering and ornamentation on glass surface
Tattoo Frequency Total (pieces)weathering non-weathering
A 12.90 9.10 22
B 3.52 2.48 6
C 17.59 12.41 30

Total 34 24 58

Similarly, the relationship between glass surface weathering and color, and the relationship between glass surface
weathering and glass type were respectively chi-square tests. In the test results, the chi-square values of glass
surface weathering and glass type were 6.8749, and the chi-square values of glass surface weathering and glass
color were 9.4619, and the null hypothesis could be rejected. It shows that the surface weathering is related to the
type and color of glass.

3.2.2 Component Prediction

First define the variables as shown in Table 3:

Table 3: Define variable
Variable symbol Implication

N The number of unweathered samples of a type of glass
M The number of samples of weathering of a particular type of glass
C The amount of a chemical composition before weathering

The average content of chemical composition before weathering can be obtained 1
0

n N

n
n
C

C
N




 , the average content

of its chemical composition after weathering can be obtained 1

m M

m
m
C

C
M




 ,The absolute value of the mean value of

the change of the chemical composition before and after weathering is 0b C C  , and the change rate of the

chemical composition before and after weathering is
0

100%bT
C

  .

1) Prediction of composition content of high potassium glass before weathering
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Because there are few high-potassium glass samples in the samples, and the content of most chemical components
in the weathering process fluctuates too much, it is not conducive to model establishment. Therefore, the predicted
value iY can be obtained by reasonably subtracting or adding the absolute value b of the mean value of the
chemical composition ix of the sample before and after weathering:

Y x b  (5)

2) Prediction of composition of lead-barium glass before weathering

There are a large number of Pb barium glass samples, and most of the chemical components do not fluctuate much
in the weathering process, so a correlation pre-weathering component prediction model is established. For the data
processing after weathering of lead-barium glass, the predicted value iY is calculated by using the corresponding
chemical composition change rate iT before and after weathering of lead-barium glass, namely:

1
xY

T


 (6)

Based on the validity of the data, the calculated component proportion will be accumulated and the data that is not
between 85% and 100%, and the component proportion will be accumulated and expanded or reduced to 100%
according to the corresponding proportion and equal proportion, so as to meet the requirements of data validity and
make the prediction result reasonable. The prediction result will be taken as the prediction result.

3.2.3 Analysis of Variance

nce[11] tests whether the mean values of multiple normal populations with the same variance are equal by
analyzing experimental data, and is used to judge the influence of various factors on experimental indicators. It is
an effective method to identify the influence of relevant factors on experimental results. According to the chemical
composition comparison of weathering or not of high-potassium glass and lead-barium glass respectively, Figure 1
retains the indicators with significant differences between the average content of the variance analysis in the two
kinds of glass, which includes the chemical composition for 2K O , 2 3Al O , 2 5PO , BaO , 2SiO , PbO .
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Figure 1: Analysis of variance

The maximum and minimum values of the differential component indexes of the two types of glass are used to
describe the classification rules of high-potassium glass and lead-barium glass, as shown in Table 4:

Table 4: Classification standard for high potassium glass and lead barium glass
Category 2K O 2 3Al O BaO 2SiO PbO

High potassium glass 7.37-12.53 3.05-10.05 0.0-1.38 59.01-79.46 0.0-1.41
Lead barium glass 0.0-0.71 1.42-6.50 2.03-11.86 16.03-75.51 9.30-72.63

3.2.4 Classification table of glass subclasses

Table 5: Eigenvalues and eigenvectors of the two principal components extracted after principal component
analysis, as well as corresponding contribution rates and cumulative contribution rates. In this paper, two principal
components 1F and 2F re extracted, namely:

1 2 3 4 5 6

7 8 9 10 11

12 13 14

1 0.37 0.27 0.37 0.32 0.32 0.10
0.21 0.08 0.12 0.14 0.06
0.03 0.10 0.02

F X X X X X X
X X X X X
X X X

     

    

  
(7)

1 2 3 4 5 6

7 8 9 10 11

12 13 14

2 0.29 0.19 0.16 0.05 0.04 0.04
0.07 0.27 0.33 0.35 0.32
0.32 0.01 0.15

F X X X X X X
X X X X X
X X X

     

    

  
(8)

Their cumulative contribution rate reached 72%. The first principal component 1F had moderate positive loads on
2SiO , 2K O , CaO , MgO and 2Na O , and light negative loads on 2 5PO and BaO . Therefore, the first principal

component can be called the high-potassium glass component.

The second principal component 2F has a moderate positive load on 2SiO , BaO , 2 5PO , SrO , CuO and PbO ,
so it can be called the second principal component of lead barium glass.

3.2.5 Clustering Result

According to the conclusion of principal component analysis, the first principal component is called
high-potassium glass component, and the second principal component is called lead-barium glass component.
Therefore, the components with large loads on the first principal component are selected: 2SiO , 2K O , CaO ,
MgO , 2Na O . The components of 2SiO , BaO , 2 5PO , SrO , CuO and PbO , which have a large load on the
second principal component, are used as cluster indexes to divide the subclasses of high potassium and lead barium
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glasses.

According to the cluster pedigree diagram, the samples of high-potassium glass can be divided into two categories,
and the samples of lead barium glass can be divided into four categories. The results are shown in Table 5：

Table 5: Classification table of glass subclasses

High
potassium
glass

a High copper potassium glass 1, 3, 7, 9, 10, 12, 13, 21

b High magnesium calcium potassium glass 4, 5, 6, 14, 16, 18, 22, 27

Lead barium
glass

c High silicon and high sodium lead barium
glass

20, 22, 23, 25, 30, 35, 37, 42, 45, 46, 47, 53,
55

d High copper high strontium lead barium
glass 8, 24, 26

e Low barium lead barium glass 28, 29, 30, 31, 32, 33, 44, 48, 49

f High phosphorus high lead barium glass
2, 10, 11, 19, 26, 34, 36, 38, 39, 40, 43, 49, 50,

51,
52, 54, 56, 57, 58

According to the clustering results of high-potassium glass and lead-barium glass, the mean value and standard
deviation of each chemical component index of each subclass were calculated. The mean value was taken as the
midpoint of the class, and the standard deviation of 2 times was taken as the deviation, and the component interval
table of each subclass glass compound in Table 7 was formed. The sample data of high potassium glass and Pb
barium glass are identified by fuzzy recognition algorithm, and compared with known classification labels, it is
found that the accuracy of this model is higher.

Table 6: Subclass glass compounds composition interval table (XSD±2)

Cate
gory

High copper
potassium
glass

High
magnesium
calcium

potassium glass

High silicon and
high sodium lead
barium glass

High copper
high strontium
lead barium

glass

Low barium
lead barium

glass

High
phosphorus
high lead

barium glass
CuO 3.18±2.69 1.73±2.00 1.60±2.81 8.46±0.00 0.41±0.47 0.84±1.75
PbO 0.48±0.86 0.34±0.96 22.34±15.73 36.38±11.32 19.65±15.10 50.15±18.52
BaO 0.80±1.85 0.39±0.98 10.54±8.25 26.23±0.00 4.41±4.65 7.41±7.28
P2O5 1.17±0.64 1.64±3.05 0.77±3.04 0.14±0.00 0.90±2.62 3.93±5.63
SrO 0.03±0.06 0.05±0.08 0.27±0.47 0.91±0.00 0.20±0.25 0.16±0.26
SiO2 69.8±15.50 66.13±10.65 52.92±16.98 25.55±10.63 60.99±22.47 30.35±15.93
Na2
O 0.63±1.71 0.76±2.27 2.67±5.14 0.00±0.00 0.54±1.93 0.69±2.33

K2O 8.64±7.32 10.02±4.27 0.17±0.39 0.00±0.00 0.35±0.77 0.04±0.31
CaO 5.34±3.31 5.32±6.03 0.85±2.09 0.47±0.00 2.08±2.40 2.21±2.43
Mg
O 0.75±0.83 1.41±0.93 0.59±1.09 0.00±0.00 0.89±1.04 0.36±0.63

3.2.6 Fuzzy Recognition Application and Model Verification

The fuzzy identification model was used to identify the chemical composition data of unknown glass cultural relics,
and the variance analysis results were verified in Table 5. Meanwhile, the variance analysis results in Table 4 were
used to classify these glass cultural relics. Among them, glass A1, A6 and A7 were high potassium glass, and glass
A2, A3, A4, A5 and A8 were lead barium glass, which was consistent with the classification results in Table 6 .The
accuracy of this model can be considered.

Table 7: Classification of unknown glass samples
A1 A2 A3 A4

High copper potassium
glass

High phosphorus high
lead barium glass

High copper high
strontium lead barium

glass

High copper high
strontium lead barium

glass
A5 A6 A7 A8
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Low barium lead barium
glass

High copper potassium
glass

High copper potassium
glass

High copper high
strontium lead barium

glass

In addition, 5 unknown samples were randomly selected, and their chemical composition content ±1% was
analyzed for sensitivity. The results, as shown in Table 8 showed that the subclass division results remained
unchanged.

Table 8: Results of chemical composition content +1% of samples from 5 unknown categories
SERIAL
NUMBER TYPE 2SiO 2Na O 2K O CaO MgO CuO PbO BaO 2 5PO SrO

1 a 77.67 0.00 0.00 6.02 1.84 2.09 0.00 0.00 1.05 0.03
2 f 39.31 0.00 0.00 4.20 0.50 0.00 35.90 10.25 1.40 0.48
3 d 31.63 0.00 1.35 7.12 0.80 0.21 39.18 4.64 2.65 0.51
4 d 35.12 0.00 0.78 2.86 1.04 0.95 24.04 8.23 8.37 0.28
5 e 68.60 0.00 0.26 1.33 0.99 0.33 17.06 4.00 1.03 0.12
1 a 79.23 0.00 0.00 6.14 1.88 2.13 0.00 0.00 1.07 0.03
2 f 40.11 0.00 0.00 4.28 0.52 0.00 36.62 10.45 1.42 0.48
3 d 32.27 0.00 1.37 7.26 0.82 0.21 39.98 4.74 2.71 0.53
4 d 35.82 0.00 0.80 2.92 1.06 0.97 24.52 8.39 8.53 0.28
5 e 69.99 0.00 0.26 1.35 1.01 0.33 17.41 4.08 1.05 0.12

4. CONCLUSION

The classification of cultural relics provides a key basis for archaeologists to implement protection and restoration
measures. This paper makes full use of computer software Matlab and statistical software SPSS to explore the
relationship between weathering of ancient glass relics and their colors, patterns and types from both qualitative
and quantitative aspects, and effectively combines the analysis of variance and principal component analysis in
mathematical statistics. K-MEANS clustering and fuzzy recognition methods are used to establish the subclass
recognition model of ancient glass based on the subclass division quantization table. The results show that the
classification recognition model has high stability and sensitivity. This study can be applied to the actual situation
of the classification of unknown substances such as chemical experiments and archaeological research, and can
also provide analytical methods for further improving the accuracy of ancient cultural relics classification.
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